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Abstract 

We study the spectral properties of a charged particle confined to a two- 
dimensional plane and submitted to homogeneous magnetic and electric fields 
and an impurity potential V. We use the method of complex translations to prove 
that the life-times of resonances induced by the presence of electric field are at 
least Gaussian long as the electric field tends to zero. 

1 Introduction 

The purpose of this paper is to study the dynamics of an electron in two dimensions in 
the presence of crossed magnetic and electric fields and a potential type perturbation. 
We assume that the magnetic field acts in the direction perpendicular to the electron 
plane with a constant intensity B and that the electric field of constant intensity F points 
in the x— direction. The perturbation V{x,y) is supposed to satisfy certain localisation 
conditions. The corresponding quantum Hamiltonian reads as follows 

H{F) = H{0) - Fx = Hl + V - Fx, 

where is the Landau Hamiltonian of an electron in a homogeneous magnetic field 
of intensity B. Its spectrum is given by the infinitely degenerate eigenvalues (Landau 
levels) (2n + 1)B, n G N. 

^also on leave from Department of Theoretical Physics, Nuclear Physics Institute, Academy of 
Sciences, 25068 Rez near Prague, Czech Republic 
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When F = 0, the impurity potential V creates generically an infinite number of 
eigenvalues of H{0) in between the Landau levels. These eigenvalues, which correspond 
to the so-called impurity states, then accumulate at Landau levels. This holds for any 
sign definite, bounded V, which tends to zero at infinity, see |R,aj . |MR,j . Classically, 
such impurity states represent the electron motion on localised trajectories. The main 
question that we address is what happens with these localised states when a constant 
electric field is switched on. In particular one would like to know, whether the eigenvalues 
of -f^(O) may survive in the presence of a nonzero electric field and if not, what is the 
characteristic time in which they dissolve. 

Answer to this question is well known for the hydrogen atom in a homogeneous 
electric field, in which case the corresponding Schrodinger operator has no eigenvalues, 
|Ti] . The localised states turn into so-called Stark resonances, whose life-times are 
exponentially long as F —>■ 0. This was first computed by Oppenheimer in |0p| and later 
rigorously proved in |HaSij . The Oppenheimer formula was then partially generalised 
also for many body and non Coulombic potentials, see |Sig| and references therein. 

On the other hand, results concerning systems with simultaneous constant magnetic 
and electric fields are scarce. Such a model is considered in [(ilMj where the impurity V 
is supposed to act as a 5— potential. Using the special properties of a two-dimensional 
5— interaction, the authors of |GMj compute the spectral density of H{F) in the neigh- 
bourhood of the discrete spectrum of H{0) and prove that all impurity states are unsta- 
ble. Their life-times are then shown to be of order exp[-^] as F — * and it is conjectured 
that such a behaviour holds in general. It is our motivation to extend this result for 
continuous impurity potentials when the method of |GMj is no longer applicable. In 
particular, we will prove under some assumptions on V that the life-times of magnetic 
Stark resonances are for F small enough at least Gaussian long, i.e. we find a lower 
bound compatible with the asymptotics obtained in |GMj . 

Let us now describe the content of our paper more in detail. Basic mathematical 
tool we use is the method of complex translations for Stark Hamiltonians, which was 
introduced in |AHj as a modification of the original theory of complex scaling |A(]j . 
|BCj . Following |AHj we consider the transformation U{6), which acts as a translation 
in x— direction; {U{6)iIj){x) = iIj{x + 6). For non real 6 the translated operator H{F, 9) = 
U{9)H{F)U^^{9) is non-selfadjoint and therefore can have some complex eigenvalues. 
The complex eigenvalues of H{F, 9) with '^9 > Q are called the spectral resonances 
of H{F), see e.g. |HSj . and the corresponding resonance widths are given by their 
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imaginary parts. Moreover, the result of |FKj tells us that if is an eigenfunction of 
H{0), then (0, e~**^(^) 0) decays exponentially at the rate given by the imaginary parts 
of the eigenvalues of H{F, 6). 

In Section we show that the eigenvalues of H{F, 9) are located in the Gaussian 
small vicinity of real axis as F — > 0, see Theorem 15.21 In order to prove this we employ 
a geometric resolvent equation in the form developed in |BGj for the study of Stark 
Wannier Ladders. The idea of our proof is based on the fact that the eigenfunctions of 
if(0) have a Gaussian-like decay at infinity and therefore "feel" the electric field only 
locally. That leads us to a construction of the reference Hamiltonian H2{F), which 
describes the system where the electric field is localised in the vicinity of impurity 
potential by a suitable cut-off function. For a precise definition of H2{F) see Section 
El When F — > we let the cut-off function tend to 1 at the rate proportional to 
{e > 0), which assures the convergence of spectra of H2{F) to that of H{0). It follows 
from the general theory of complex deformations that the discrete spectrum of H2{F) 
is not affected by the transformation U{6). Moreover, for H2{F) also the essential 
spectrum does not change under U{6). Therefore a{H2{F,6)) remains real even when 
9 becomes complex. The geometric resolvent equation, ()4.5|1 . then allows us to deduce 
that for F small enough the resolvent R{z; 9) = {z — H{F, 9))'^ is bounded except in a 
small neighbourhood of the eigenvalues of H2{F,9). More precisely, we show that the 
norm of R{z] 9) remains bounded as long as the distance between z and a{H2{F, 9)) is 
at least of order 

e"#^, e>0, (1.1) 

where C is a strictly positive constant and e can be taken arbitrarily small. Moreover, 
we prove that on the energy intervals well separated from Landau levels the spectral 
projector of H{F,9) converges uniformly to that of H2{F,9) as F — > 0. These results 
give us the existence of eigenvalues of H{F, 9) and an upper bound on their imaginary 
parts. Let us note, that our result does not exclude the existence of point spectrum 
of H{F). In other words, we do not answer the question whether all impurity states 
become unstable once the electric field with finite intensity is switched on. Although 
the quantum tunnelling phenomenon leads us to believe that it is indeed the case, a 
rigorous proof is missing and the question remains open. 
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2 The Model 



We work in the system of units, where m = 1/2, e = 1,^= 1. The crossed fields 
Hamiltonian is then given by 

Hi{F) = Hl- Fx= {-id^ + Byf ~dl- Fx, on L'^iR^). (2.1) 

Here we use the Landau gauge with A(a;, y) = {—By, 0). A straightforward apphcation 
of |RSt Thm. X.37] shows that Hi{F) is essentially self-adjoint on C^(]R^), see also 
|R,S[ Prob. X.38]. Moreover, one can easily check that 

aiH,{F)) = aaciH,{F))=R (2.2) 

As mentioned in the Introduction we employ the translational analytic method devel- 
oped in |AHj . We introduce the translated operator Hi{F,9) as follows: 

H^{F,e) = u{e)H^{F)u-\e) (2.3) 

where 

{U{e)f) {x, y) := (e^^-V) (x, y) = fix + 9, y) (2.4) 
An elementary calculation shows that 

H,{F,e)=Hi{F)-Fe (2.5) 

Operator Hi{F,6) is clearly analytic in 6. Following |AHj we define the class of 
ifi(-F)— translation analytic potentials. 

Definition 2.1. Suppose that V{z,y) is analytic in the strip \Qz\ < f3 , (3 > indepen- 
dent ofy. We then say that V is Hi{F) — translation analytic ifV{x + z, y){Hi{F) +i)^^ 
is a compact analytic operator valued function of z in the given strip. 

We can thus formulate the conditions to be imposed on V: 

(a) V{x,y) is iJi(F)— translation analytic in the strip \'^z\ < [3. 

(b) There exists 13q < (3 such that for \'^z\ < [3q the function V{x + z, y) satisfies 

I Vo ii X e[-aQ-'Stz,aQ-'Rz],y e[-ai,ai] 

\V[x + z,y)\ << 

[Voe-" (^+^^) , 1/ > iix ^[-ao-^z,aQ-^z\ 

and 

\V{x + z,y)\ = Q, y^[-ai,ai] 



4 



for given positive constants ao,ai, independent of F. 

In order to characterise the potential class for which the above conditions are fulfilled 
let us assume for the moment, that the integral kernel of {Hi{F) + i)^^ has at most 
a local logarithmic singularity at the origin. This is a very plausible hypothesis, see 
Lemma 4.3 in [FK , it then follows that any function that can be analytically 

continued in a given strip \Qz\ < (3 satisfies the condition (a). If in addition the analytic 
continuation satisfy (6), both assumptions are satisfied. 

Remark 2.1. It follows from the proof of our main result, given below, that the lo- 
calisation of V w.r.t. y could be replaced by a Gaussian decay. However, we use the 
assumption (6) in order to keep the computations as simple as possible. Note that this 
assumption is of crucial importance to get the Gaussian upper bound, in l/F, on the 
imaginary part of the eigenvalues of H{F, ib). See in particular Remark ] A. S\ in Appendix 
A. 

From the well known perturbation argument, |Kaj . we see that under assumption 

(b) 

H{F, 9) = U{e)H{F) U~\e) = Hi{F, e) + V{x + e, y) (2.6) 

forms an analytic family of type A. 

Furthermore, since V{x + 9,y){Hi{F) + i)^^ is compact by (a), we have |RS1 Cor. 
2, p. 113] 

aessiH{F,e) + ibF)=a,,s{H^{F))=R =^ aessiH{F,e)) = R- ibF (2.7) 

where 6 = ib, b & M.. By standard arguments |R,S| Prob. XIII. 76], all eigenvalues of 
H{F, ib) lie in the strip —bF < < and are independent of b as long as they are not 
covered by the essential spectrum. 

The complex eigenvalues of H{F, 6) with 9=0 > 0, in {z G C : —bF < '^z < 0} are called 
the spectral resonances of H{F), and are intrinsic to H{F), see |HS| Chap. 16]. The 
corresponding resonance widths are given by the imaginary parts of the eigenvalues Ea 
of H{F, 6): Ta = —2QEa, and the lifetimes by = F"^. 

Next we will show that, for sufficiently weak electric field F, the eigenvalues Ea 
of H{F, ib) exist and are located in Gaussian small neighbourhood of real axis. In 
particular, we will prove that 
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where the positive constant Ra depends on the real part of and e can be made 
arbitrarily small. The method we employ is based on the decoupling formula developed 
in HO], see also |FM] . 

3 Auxiliary Hamiltonian 

The reference Hamiltonian reads 

H2{F) =Hl + V~ FxhF{x)xA{y) =Hl + V + Wf 

with xa being characteristic function of the set A = [—y,y] (y = yi + with yi and 
r defined in Section HI below) and 

hp^x) = \ {tanh(7i;'(x + x)) — tanh(7p'(x — x))} 

where^ 7ir = > and x > must satisfy 

Fx ^ as F ^0 . (3.1) 

This is required because we don't want the local electric field to modify significatively 
the impurity potential V. We can thus expect that the spectrum of H2{F) is "close" to 
that of -^(0). We will chose x = > 0, for e > 0. 

In Figure 1 we sketch the x— section of V{x,y) — xhp{x)xA{y) for the case of impu- 
rity potential given by V{x,y) = —Voe~^^f{y) (/ being any locally supported positive 
bounded function). 

Before giving the results on the spectral properties of H2{F) and its translated 
correspondent H2{F,ib) we define the set of 6 = ib for which Wp can be analytically 
continued in the x variable. Since tanh(2;) has an analytic continuation for \Qz\ < | we 
have 7f|&| < f • For our purpose we will consider the family of operator U{9) = U{ih) 
defined in Section 1, with 9 eVq where 

= {0 G C : 7fP^| < f} 

Since 7f = pr^ we take 

6 = 6oF",a>2 (3.2) 

Proposition 3.1. Assume V satisfies (a) and (6). Then 
^We will often drop the subscript F. 
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Figure 1: The x— section for the potential of H2{F) satisfying condition ()3.1|) for a 
negative Gaussian potential. 

1. For each G cr(iJ(0)) there is a family of \a{F) G (t{H2{F)) such that Aa(F) — >• 
Ca for F 0. 

2. Let P^{F) respectively P/^{0) be the eigenprojector of H2{F) respectively H{0) on 
the interval A. Then \\Pa{F) - Pa(0)|| ^ as F ^ 0. 

3. aess{H2{F)) = aess{HL) = {{2n + 1)5; n G N} 

4- For each G a^^H^O)) there exists a constant c such that 

Xa{F) G [ea - cF^ + cF^] 

Proof. We have 

\\{H{0)~z)-'-{H2-z)-'\\ = \\{H2-z)-'[H2-H{0)]{H{0)-z)-^ 

< \\{H2-zmm2-HmmH{o)-z)-^ 

< -l-\\FxhF{x)xAiy)\\^0 (3.3) 
\^z\^ 

as F ^ due to the choice of hp- Thus H2{F) H{0) in the norm resolvent sense. 
The Statement 1. and 2. of the Lemma now follows from |Ka[ Thm. VIII. 1.14] and [BBi. 
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Thm. VIII. 23]. Statement 3. follows from the fact that Wp and V are iJ^,— compact, 
see proof of Lemma 13.11 below. Finally the estimate 

\\FxhF{x)xA{y) II < F\\xhF{x) lloo < cF' (3.4) 

yields Statement 4. □ 

We now show that the spectrum of H2{F) is not affected by the transformation 
U{ib): 

Lemma 3.1. Under the assumptions of Proposition fOl {Ho(F. 6) : 9 G Pg} forms a 
self-adjoint holomorphic family of type A. Moreover, for each ib G one has 

aess{H2{F,tb)) = aess{H2{F)) 
ad{H2{F,tb)) = ad{H2{F)) 

Proof. To prove that {H2{F,6) : 6 G Vg} forms a self-adjoint holomorphic family we 
have show that H2{F, 9) is holomorphic w.r.t. 6 EVg and that its domain is independent 
of 6, see |Ka| pp. 375, 385]. First claim follows from the assumptions on V and from the 
explicit form of Wf- The boundedness of V, Wf then implies the 6'— independence of 
the domain. For the the stability of essential spectrum we recall jHSI Thm. 18.8], which 
tells us that it is enough to prove that WF^x + ib, y){HL + i)~^ and V{x + ib, y){HL + i)~^ 
are compact. We first observe that 



hpix + ib) 



f,2-ypx _j_ Q-2-ypx _j_ Q2-yp{x+ib) _j_ Q-2jF(x+ib) ' 

Thus 

q2"/px 

\hF(x + ib)\ < — --, ; — = rr 

IV ^1 - [g27j.x _^ g-27j.x'] cos(27ir6) + [e^-Tf^' + e-^TF^:] 
From the latter estimate we deduce that limj-^-i-oo \ Wf{x + ib,y)\ = and that |iyi?(x + 
ib,y)\ is uniformly bounded. Since xa has compact support, WF^ib) G L^(M^). Then 

\\WF{ib){HL + i)-'\\ls = I d^\WF{x + ib,y)\^ [ dx'|GL(x, x'; 2)1^ 

= / dx|Vrir(x + i6,y)|M du|Gi(u;i)p < cx) (3.5) 

iR2 JR2 

where |G'l(x, x'; i)| = |G'l(x — x'; i)| = |G'L(u;i)| G L^(M^) is the integral kernel of 
{Hi + i)~^, see for example |CNj . Hence WF{ib){HL + i)~^ is compact. Same argument 
shows that also V{ib){Hi + i)~^ is compact. 

Finally the stability of the discrete spectrum follows from a standard analyticity 
argument |ESl Prob. XIII.76]. □ 



8 



We now give a result on the norm of R2{z; ib), which will be used later in the proof of 
our main theorem. ^ 



Lemma 3.2. Let z e C such that {2q - 1)B + 5 < 3?2; < (2g + 1)B -6 {6 > 0) for some 
g G N. Then there exists a natural number < s < oo, such that 

\\R2{z;tb)\\ <C\'^z\-% 

holds true provided F is small enough. 

Proof. We introduce the operator A{ib) by 

A{ib) = H^iib) - H2 (3.6) 

(here we note H2{ib) = H2{F,ib) and H2 = H2{F)). /,From the definition of H2{ib) it 
easily follows that there exists certain constant Aq such that for b = 

\\A{ib)\\ < AoF"-^+%l + C(F")) 

We need a preliminary result. A standard perturbation argument now shows that if 

dist {a{H2{F)),0 = doF' 

then 

whenever do > F'^'^Aq, i.e. whenever F is small enough. To continue let be the 
eigenvalue of -f^(O) which minimises \z — {ca ± cF'^)\. We define a circle F = G C : 
1^ — = Fo-F^} enclosing only the eigenvalues of H2{F) converging to for given e^. 
Let -P^(i&) the projector onto IntF associated to H2{ib) 

Piitb) = P2{lb) = ^^j^R2{z-lb) dz 

Since P2{ib) is a projector, applying |Ka| Thm.III.6.17], the resolvent of H2{ib) decom- 
poses as follows 

R2{z; ib) = R'^iz; ib) + R'^iz; ib) 

where 

R2iz;ib) = P2{ib)R'2{z;ib) = R2{z;ib)P2{ib) (3.8) 
R2{z;ib) = [1 - P2{ib)]R2{z;ib) = i?2(z;z6)[l - P2{ib)] (3.9) 



^Henceforth the symbol C denotes a strictly positive real number independent of F. 
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Let H' be the restriction of H2{ih) on M' = R.anP2{ib) and H" the restriction of H2{ib) 
on M" = Ran[l — P2{ib)]. From |Ka| Thm.III.6.17] it follows that R'2{z\ib) coincides 
with {z — H')^^ on M' and vanishes on M" . Similarly R'2{z] ib) coincides with {z — H")~^ 
on M" and vanishes on M' . Since dist(a(if"), z) is bounded from below by a constant 
we can use f|3.7|) to get 

\\R!^{z-ib)\\<C 
Let us denote tq = dim P2 (ib) . We can then write 



R'2{z-ib) = J2 



h=l 



(z - ar' Ph + iz- Ch)-' yiz- Ch)-"D]i 



n=l 



where (h = ^a,h G are the eigenvalues of H', Ph the corresponding projectors, nih = 
dim Ph and Dh denotes the nilpotent associated to (h, see fKa . Chap. I]. So we can always 
find some s G N (1 < s < max^m/i < Tq), such that 

\\R2{z;ib)\\ < Cdist{z,a{H'))-' <C\'^z\-\ 



which concludes the proof. 



□ 



4 Setup of a decoupling scheme 

As already mentioned in the Introduction, the eigenfunctions of H{0) "feel" the electric 
field only locally and the properties of the Hamiltonian H{F) can be derived on the 
basis of those of the "local field" Hamiltonian H2{F) described above. To make this 
idea work we use the geometric resolvent perturbation theory in the form developed 
in |BGj (see also jBCDj . |HSp . It consists of dividing the configuration space in 
different regions and study of Hamiltonians Hi with associated potentials Vi which are 
in the considered regions close to that of the full Hamiltonian H{F). 

We introduce the following functions that give a decoupling along the a;— axis. 





[x) 


= ^[1 + tanh.{'yp{x - X2))] 




L 


[x) 


= i [1 + tanh(7i;'(x - Xo))] 




■Jo 


[x) 


= i [tanh(7ir(x + Xi)) — tanh(7ir(x 


-^1))] 


Jo 


[x) 


= i [tanh(7i7(x + Xq)) — tanh(7i7(x 




J+ 


[x) 


= i [1 - tanh(7ir(a; + X2))] 




J+ 


x) 


= 1 [1 - tanh(7ir(x + xo))] 
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where < ^2 = -^r^i < — < X]^ — < x. Along the y— axis we use three 
bounded C°°(R) functions 



where < 1/2 = ai + 1, l/o = 1/2 + + 1, = + + 1, where r > a + 2. We will 
also assume that || Jj'||oo! ||<^i'||oo < 00, i G {<, >, c}. 

Note that for the a:— cut the dependence on F of the optimal choice to get 

the desired results, while in the y— cut the dependence on F, i.e. the factor F""^, is such 
that r can be chosen as large as we need. 

The system is then cut in five parts according to the following "full" decoupling functions 
(see Figure 2): 



We remark that all these functions have an analytic continuation in the x variable 
[x ^ X + ih) if ih G Vq. 

We arc now ready to establish the decoupling scheme. We introduce the following 
auxiliary Hamiltonians: = H4 = if 5 = if 1 = Hl — Fx and H2{F) = if 2 treated in 
the previous paragraph. For simplicity we write if for H{F). 
Note that 



if Ji = ifi Ji + VJi, HJ^ = H^J^ + if J3 = H^J^, ff J4 = if4J4 

and, using XA{y)Jc{y) = Jc{y), 




(4.2) 




with 



J<{y) = x(-oo,-j/oi(?/)' Jc{y) = x[-3,o,2/o](?/)> J>{y) = Xbo,oo)(?/) 



if J2 = if2J2 - Fx{l - hF){x)J2 
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Figure 2: Schematic representation of the decoupling scheme. In region 2 the total 
potential V{x, y) — Fx is close to the local potential of the auxiliary Hamiltonian H2{F), 
while in the others it is close to the electric potential —Fx. 



thus 



H) J2 JiRi{z).h = Y.^z- Hi)J,Ri{z).h + + A + ^2 = 1 - K{z) (4.3) 



i=l 



i=l 



where Ai = VJiRi{z)Ji, = VJ^R^{z)J^, A^ = -Fx{l - hF){x)J2R2{z)J2 and 

K{Z) = J^]R^{Z)J^ + ( ^ J.J. - l \ - A^ - A^ - A^ 



i=l 



From ()4.3j) we deduce the decouphng formula 



which is now to be transformed by the translation group U{ib): 



(4.4) 



R{z; ib)= Ji{ib)Ri{z; ih)Ji{ih) j (1 - K{z- ih))'^ 



(4.5) 



To prove that the eigenvalues of H(F,ib) are at distance (9 (exp (— ^))) from 
those of H2{F,ib), we have to show that the norm of K{z;ib) becomes smaller than 1 
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as dist{a{H2{F)), z) becomes Gaussian small. We will write K{z;ib) as 

5 

K{z; ib) = J2 Kj{z] ib) + M(z; ib) (4.6) 
i=i 

where 

Kj{z;ib) = [Hl, Jj{ib)]Rj{z;ib)Jj{ib) 

and 

M{z; ib) = Jj{ib)Jj{ib) " ^ j " - ^5(^^) " ^2(^fe) 

In Appendix A we estimate the norm of each term in the definition of K{z\ ib) 
separately. Our strategy is the following. Each of Kj{z;ib) can be viewed as an 
integral operator with the corresponding kernel of the form /(x)G(x, x'; z)h{x'), where 
G(x, x'; z) is the Green function of Hi. Typically, the overlap of the functions f{x) and 
h{x') decreases as F — 0. Fact, which together with the Gaussian decay of (^(x, x'; z) 
at large distances, see Appendix A, assures that the norm of each of Kj{z; ib) will tend 
to zero in the limit F — > 0. As for the operator M{z;ib), we will see that for small 
values of F its norm can be made arbitrarily small by a proper choice of the parameters 
of the decoupling functions. 



The results of Appendix A yield the following estimate on the norm of K{z; ib) 

\\K{z;tb)\\ < CF-"^ (3{z)-''^'^'Ue-^ +e~''^^^^] {l + \\R2{z;tb)\\) 

+ Ce'^^ i\\Ri{z;ib)\\ + \\R2{z;tb)\\+l) (4.7) 

with C'{B,^z) = Bcijftz) ^ as ^ oo, C depending on the decouphng scheme (in 
particular we can set C = Be), P{z) = ^^pr^ and a(JRz) > 1 (aCStz) — oo as — > oo). 
We remark that for F < 1 we have (3{z) < dist{a{Hi{ib)), z). Using the inequality 

ll^i(^;^&)ll < ^ = - — — — -, (4.8) 

" ^ ^" - dist(z,e(//i(z6))) dist{z,R -ibF)' ^ ' 

where Q{Hi{ib)) is the numerical range of Hi{ib), see |HS| Prop. 19.7], we can rewrite 
()4.7j) as in the following Lemma: 

Lemma 4.1. Let F be small enough. Then for a given 2; G C there exist positive numbers 
Ci, C2, a{^z) > 1 and C{B,^z) > 0, with C{B,^z) = Bc{^z) ^ as ^z ^ 00, such 
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that 



\\K{z-ih)\\ < CiF-^^ dist{a{Hi{tb)),z)-'''^'^'Ue ^' + 

X il + \\R2{z;ib)\\). 



(4.9) 



5 Main result 

Armed with Lemma 14.11 we are ready to prove an estimate on the difference between 
the spectral projectors of H{F,ib) and H2{F,ib). 

Let T{ea) the path in the complex plane enclosing the eigenvalue Cq G a{H{0)) at 
finite distance to the Landau levels (see Figure 3). More precisely 

r(e„) := ri(e«) ur2(e«) ur3(e«) ur4(e„) 

ri(e,) := {^eC: ^^ = e^-cF'/MQ^\<p} 

T2{ea) := {eeC: 3?e = e„ + cF^/M53e| <p} 

r3(e,) := G C : - cF'^^ < 3?^ < e„ + cF^/^ = p} 

r4(e„) := G C : e„ - cF'/^ < 3?^ < e„ + cF^/^^ = -p} . (5.1) 

C 



1 M 



Figure 3: The path T{ea) in the complex plane. The spectrum of H2{F,ib) is localised 
in the vicinity of e^, represented by the dashed vertical lines. ( Proposition ^!^. 1^ . 

For F sufficiently small this construction can be made in such a way that the spec- 
trum of H2{F, lb) enclosed by T{ea) consists only of the eigenvalues Xa,i{F) Ca, where 
i denote the degeneracy index of the eigenvalue (1 < i < Tq,), see Proposition 13.11 
Moreover for z G T{ea) holds by Lemma f3. 21 

\\R2iz;tb)\\ <Cp-' . (5.2) 

To control the inverse {1—K{z,ib))^^ we need ||ii'(2;; i6) || < 1 for 2; G T{ea)- In particular 
we want ||i^(2;; i6)|| — >• as F — > 0. Looking at Lemma HHJ together with ()5.2j) we see 
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that the above requirement on the norm of K{z] ib) is satisfied at best taking 



p = e with spo < C{B, ^z) (5.3) 

We point out that the Gaussian smallness of p is the optimal choice to get the eigen- 
projectors convergence. From the decouphng formula ()4.5|) we have 

(5 \ oo 

J2JSb)Mz;tb)Ji{ib) ^i^(2;z6)" - (1 - J2{tb))R2{z;tb) 
i=l J n=l 

-J2{ib)R2{z- ib){l - J2{tb)) + J2 Mib)Ri{z; ib)J,{ib) . (5.4) 

ie{l, 3,4,5} 

Because of a{Hi{ib)) = R — ibF (see ()2.2|) ). Ri{z;ib), i 2, have no poles in T{ea)- 
Moreover the only poles of R2{z; ib) are precisely Xa,i{F) (1 < i < Tq,). Thus integrating 
(jED along the path r(e«) = T 

P^itb) - P^itb) = -L / I ^ Mtb)R,iz; tb)Mtb)\ K{z- iby 

- J2{ib)P^{ib){l - J2{ib)) - (1 - J2{ib))P^{ib) . (5.5) 



where -P^(i&) is the spectral projector of H2{ib) onto Int F and 

P^m = — Lz- H(ib))-^ dz 

We estimate the norms of the three contributions on the r.h.s. of ()5.5|) . If po iii the 
definition of F(ea) satisfies a bit stronger condition than the bound in ()5.3|) . the norm 
of the first term is smaller than 

c(f2^np\mz■,^b)^ "^-^^"'^l^;^^^.'',,, <9{F)^0 as F ^ . (5.6) 
yj^zer J l-sup,^r\\K{z;ib)\\ 

Indeed, for i = 2, by ()5.2|) and ()5.3|) there exists a smooth function g{F) such that 

\\R2{z;ib)\\\\K{z;zb)\\ <Cg{F) 

for each z G T{ea) and limi?^o 5'(-^) = provided 2spo < C{B,^z). For i 7^ 2 re- 
membering that b = boF"", by (j4.8j) we have sup^gp ||i?i(^j — jS+r, and the result 
follows. 
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To estimate the second term in ()5.5p we write 

\\j2iib)p^itb)ii-j2m\\ < \\M^b)\\oo\\p^iim--J2m)\\ 

< \\[p^{zb)-p^m{i-j2m\\ 

+ ii[^2'(o) - ^^(1 - Mm + wp'ii - J2m\\ 

< {\\p^i^b) - p^m + wp^io) - p^w) 11(1 - .hmwoo 

+ f^\il-J2{^b),<i>l)\ (5.7) 

i=l 

where P^ is the spectral projector of H{0) onto the eigenf unctions (pQ [i = 1,. . . ,ra) 
corresponding to the eigenvalue Cq. In order to control the term \\P2{ib) — -P^(0)|| we 
define a circle F = G C : |^ — CqI = TqF'^}. Then for F small enough holds 

\\P^(tb)-P^m\ < (27:)-' ^_\\R,{^;zb)A{ib)R2{^;0)\\\d^\ 

< CF""-^ (5.8) 

where A[ib) is defined in ()3.6|) and the second inequality follows form ()3.7|) . By Propo- 
sition 03 ||-P2"(0) ~ P^W — ^ as F 0. Thus for F ^ the two terms above are 
infinitesimally small. The last term can be easily estimated using the result of |(yN[ 
Thm. 4.2], which says that for any at least gaussian decaying potential one has the 
estimate 

|0(x)|<Ce-'^l-^ 

where is associated to a discrete eigenvalue of H{0). Using this result and a bound on 
|1 — <^2(^&)| similar to that of ()A.3|) we get 

\\J2{ib)P^{ib){l - J2{ib))\\ ^0 as F ^ (5.9) 

For the third term in ()5.5|) we obtain the same estimate, since \\A*\\ = \\A\\. In conclusion 
we arrive at 

Proposition 5.1. Let T{ea) be as in ()5.1|) . then 

\\P^{ib) - P^{tb)\\ -^0, F^O 
In other words, dimRanP^(i6) = dimRanPj(i6) for F sufficiently small. 
Propositions 15.11 and 13.11 yield 
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Theorem 5.1. Assume V satisfies (a), (6) and let be the eigenvalue of H{0) of 
multiplicity r^. Then near Ca there are eigenvalues Ea,i of H{F,ib),{l < i < r^), 
repeated according to their multiplicity, and 

Ea,i — *■ Cq, as F — > 0. 

Now we can formulate our main result. 

Theorem 5.2. Assume V satisfies (a) and (6). Let Cq, and E^^i he the eigenvalues 
defined in Theorem \5.1\ Then there exist some positive constants C and Ra{B), such 
that for F small enough the following inequality holds true 

Ra{B) 

\^Ea,i\ <Ce 75{T^, £ > 0, 
where e can he made arbitrarily small and Ra{B) = B Re- 
proof. Consider the path r(ea) defined through ()5.1|1 . with po = Ra{B). We have 
proved in Proposition 15. II that if 

2sRa{B) <C{B,ea), (5.10) 

with C{B, Co) defined in Lemma l^?Tl then dim Ran P^{ib) = dim Ran P2{ib) and the only 
eigenvalues of H{F, ib) in Int F are the eigenvalues E^^i- By construction their imaginary 
parts satisfy the announced upper bound. The linear dependence on B follows from the 
linear dependence of C{B, Ca) on B. □ 

Remark 5.1. The behaviour of Ra w.r.t. a is not uniform. Indeed Ra as Ca —* oo, 
because C{B, ^z) — > as ^ oo. 

As already mentioned at the end of Section |21 the resonance widths are given by 
the imaginary parts of the eigenvalues of H{F,ib), and the lifetime by the inverse of 
the resonance width. Since e is arbitrarily small, we thus get a lower bound on the 
life-times: 

Corollary 5.1. The life-times of the resonant states satisfy: 

Ta = I sup \ '^Ea,i\~'^ > l/C exp 

£>0 
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Conclusion 

Theorem 15.21 gives a partial generalisation of the result obtained in jGMj . As expected, 
the fact that the lower bound on the resonance life-times is Gaussian in F'^ and not 
exponential is due to the presence of the magnetic field. However, further comparison 
with the purely electric Stark effect shows much larger restriction on the class of ad- 
missible potentials, in particular the condition on the Gaussian decay of V{x,y). Let 
us now briefly discuss the issue of Gaussian versus exponential behaviour. As follows 
from the analysis of the Stark resonances. Op |HaSij |Sig| , the exponential law for 
the resonant states is in that case directly connected with the exponential decay of the 
eigenf unctions of a "free" Hamiltonian, i.e. without electric field. If we suppose that the 
same connection exists also in the magnetic case, then our result should hold whenever 
the eigenf unctions of H{0) = Hl + V , associated with the discrete spectrum, fall off 
as a Gaussian. Sufficient condition for the latter is the Gaussian decay of V{x,y), see 
[CK, which is compatible with our assumption (6). Up to now, the optimal condition 
is known only for the ground state, in which case a sort of exponential decay of V{x^ y) 
is shown to be sufficient and necessary for Gaussian behaviour of the corresponding 
eigenf unctions at infinity, |Erj . 

Such a restriction is in contrast with the non magnetic Schrodinger operator, whose 
eigenf unctions decrease exponentially in the classically forbidden region independently 
on the rate at which V{x, y) tends to zero at infinity. This might indicate a principal 
difference between the behaviour of resonant states in the presence respectively absence 
of magnetic field. 



A Estimate of 

Here we estimate the norm of each term in the definition of K{z; ib) separately. Since 
the calculations are often analogous, we skip the details in many places. 

Norm of M(z; ib) 

Terms ||v4i(z6)|| and ||A5(ii6)||: 

\\A,{ib)\\ < \\Vitb)Mtb)\U\R^{z;ib)\\\\Mib)\\ 

< C\\Vi^b)J^i^b)\U\R^iz■,^b)\\ (A.l) 
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and for F sufficiently small 

\\V{ih)h{ih)\\^ = snv\V{x + ih,y)\\J^{x + ih)\\Uy)\ 

(x,y) 

We estimate this term as max{a, 6, c} where a, 6, c are 

a = sup \V{X + i6, ^)|e2T(^-^2) < y^^2'i{a,-x^) < ^^^220^^-^^!% 
|a;|<ao 

2o/ \ 2o/,!: \ 27000 27Q(C2-i5n) 

6 = sup Vbe^^^ < y^g-i.aog27(ao+5-x2) < V^e^e" 



ao<|a;|<ao+<5 



^0^ 



c = sup Vqc-"'' <Vbe 

|a;|>ao+i5 

and 5 = 5oF-(i-^) < X2. This leads to 

In the same way we prove the estimate for ||745(i6)||. 
Term ||^2(«&)||: 

\\A2m\ < F\\{x + ^h){l-hF{x + ^h))J2mU\Mz■,^h)\\\\J2m\\ 

< CF\\{x + ib){l-hF{x + ib))Jo{x + ib)\\^\\R2{z;ib)\\ (A.2) 

We can easily found the following bounds 

1 fe27(^+^i) ifx<0 
\Mx + ib)\<^-—{ (A.3) 

C0S(276) \^-2j{x-xr) iix>0 

and 

|1 - hpix + ib)\< (e-4^(^-^) + 1)"'^' + (e47(-+-) + 1)"'/' = hi + h2 (A.4) 



For x > 2^ > 
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the last inequality follows after multiplication by (e^^*^^ ^^)'^ j (^^'^li.^ ^0). Now, y = x 
(x + Xi)/2, yields 



x> 



sup F\x\\hiJQ{x + ib)\ < CFsup (|?/| + |x + Xil/2) e' 



< C{F + F^)e 



(A.5) 



For X < — < we get in the same way the upper bound ()A.5j) . Finally, for 



|x| < 2^ obviously sup^. |x| = and 



\hiJo{x + ib)\ < e 



which gives a similar estimate as ()A.5j) . 

A similar argument holds for \h2Jo{x + ib)\ that leads to 

\\A2m\<Ce-^^\\R2{z;zb)\\ 



(A.6) 



Term || Yl^j=i Jj{ib)Jj{ib) — 1||: 

First we remark that we can write 1 = Jc(?/) + (1 — Jc{y)) and that X]^=3 'Ji{ib)Ji{ib) 
(1 — Jc) = 0, thus it remains to estimate X]iG{i 25} Ji{ib)Ji{ib) — Jc- We have 



Ji{ib)Ji{ib) - Jc 

ie{i,2,5} 



= J_(x + ib)J^{x + ib) + Jo(x + ib)Jo{x + ib) 
+ J+{x + ib)J+{x + lb) - ll JM := X{ib)J,{y) 



Now llJc 



1, and it remain to estimate 



Ja{x)Ja{x) - 1 

>e{±,o} 



(A.7) 



This can be done by developing explicitly the functions in term of the exponentials and 
write the sum as fraction (denote by K, the denominator). After a tedious straightforward 
computation we find out that each term in the sum 

y^ Ja{x + ib)Ja{x + ib) — 1 
ae{±,o} 

can be bounded from above uniformly w.r.t. x by Ce"''^ For example 

^-2'y{2x+xo+X2) 



p-2'y{2x+xo+X2) g-27(xo+X2) 
< . . = ^ r— < Ce"F2{l-=) 



cos(476)e^T^ cos(476) 
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for F — i> due to ()3.2|) and similarly in other cases. Therefore 



^J,(26)J,(^6)-1 



i=l 



< Ce ^-2(1-=' 



Finally, 



\\M{z;ib)\\ <Ce ^^d-.) (\\R,{z;tb)\\ + \\R2iz;tb)\\ + 1) 



Norm of K^{z;ib) and Ki{z]ib) 

To control the operator norm we will use alternatively the Hilbert-Schmidt norm and 
the following inequality for the norm of an integral operator which can be found in jKat 
p. 144] 

||y4|| < max jsup ^ |y4(x, x')| dx; sup ^ |y4(x, x')| dxj (A. 8) 

Each integration that we need to evaluate is split in two parts according to |x — x'| > 1 
and \x — x'\ < 1: 

Let if such that \\ip\\ = 1, and A an operator with integral kernel y4(x, x'), then 

2 



[ [ A(x,x')¥.(xOdx' 



dx 



(A.9) 



< 2 
+2 



■\x-x'\>l 



A(x, X )v9(x ) dx' 



A(x,x')v9(x') dx' 



dx 

2 



dx=:2(a + 6). (A.IO) 



■ \x-x'\<l 

We now treat the two terms separately. By the Schwartz inequality we have 
a< [ [ |A(x,x')|'dx'dx||(/;f < pll^cjlly^f 

Jm2 J]^2.\x-x'\>1 

For b we proceed as follows, let 



iIj{x.) = I y4(x, x')(y9(x') dx' 

:|a;-x'|<l 



and 



A(x)=/" |A(x,x')|dx' A'(x')=/" |A(x,x')|dx 

Jr2.\x-x'\<1 Jr2.\x-x'\<1 

we first remark that J ^ u_x'|<i -'^Ol/^l^) — ^5 ^^is implies by convexity, that 



A(x) 



< 



|A(x,x')| 



iy,(x')rdx' 



2,\x-x'\<l ^(x) 
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and thus 



b= f |V'(x)|2dx < supA(x) / / |A(x,x')||</^(x')|Mx'dx 
= supA(x) [ [ |A(x,x')||¥^(x')|'dxdx' 

2 



< sup yl(x) sup A'(x')||(y9 



< max|supA(x),supA'(x')| (A.ll) 

Therefore, for |x — a;'| > 1 we can use a Hilbert-Schmidt-hke norm, while for |x — x'| < 1 
we can use a ()A.8j) norm. We will need results on the behaviour of the Green function 
G'i(x, x';^;) of Hi{ib). We expect that at points x, x' with \x — x'\ large the Green 
function decay in the x— direction as a Gaussian due to the magnetic field, while in 
the J/— direction (the drift direction of the classical particle) we expect only exponential 
decay. On the other we also expect integrable singularity at the origin. These properties 
are contained in the following two lemmas which are obtained in |FKj . 



Lemma A.l. Let \x — x'\ > 1 and let F be small enough. Then there exist some strictly 
positive constants Gq, uj{z) and a{z) > 1 such that 

|9^^j^G'i(x,x';z)| < Go/3(2)""(^)e-^(^)l^'-^le-"(^)("'-")', 

where n = 0,1 and j3{z) = ^f^- 

Lemma A. 2. For F small enough there exists some strictly positive constants Gq and 
(j{z), such that the following inequality holds true 

IdlyGii^,^'; z)\e^\y-y'Ux'dy' < G'q (A.12) 

|a:'-a::|<l 




where n = 0,1 and l3{z) 



z+bF 



2F 



Since the integrands are positive functions, for |a; — a;'| > 1 we first substitute the 
integral kernels by their upper bounds and then integrate without any restriction. 

Remark A.l. In the Lemmas above the coefficient uj{z) depends only in and de- 
creases as 3ftz increases. Moreover, uj{z) is linear in B: uj{z) ~ B. a{z) > 1, and also 
depends only on ^z and diverges for ^z oo. For the sake of brevity we do not write 
z in the arguments of a and u. 
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We now evaluate the norm of K^{z\ ib). The terms in the commutator are 

[plMtb)]Rs{z;tb)Mtb) = -2d^J3{tb)d^R3{z;tb)Mtb) - dlMtb)Rs{z;tb)J3{tb) 

We use again inequahty ()A.8|) . Due to the upper bound on the Green function and 
its derivatives when |x — x'l > 1 the integration can be separated in two parts, which 
for F small enough gives us (for n = 1, 2) 

sup J d^'\d;;Jsix + tb,y)\\dl-G,i^,^'-,z)\\Ux' + tb,y')\ 

< csup / dy'\d;Mymzr'^e-^^^^\y-y'\\My')\ 

y J 

< Cp^z)-" sup sup e-^l^-^'l = C/?(2)-"e-^ 

and similarly for the second term. We now consider the situation |x — x'| < 1, let be 

the set D = {x' G M : |x - a;'| < 1} X M 

sup / dx'|a;j3(x + z6,i/)Pj-"G'3(x,x';z)||J3(x' + ^6,i/')l 

X J D 

< sup / dx'\d;;Jsix + tb,y)\e-^\^-y'\\Ux' + ib,y')\\d^y-"G3i^,^'^ 

X Jd 

< sup sup e-^l^-^'lsup [ dx'|9j-"G3(x,x';2)|e^|j^-J''l 
s/Gsupp9j,v> j,'esuppj> X Jd 

Thus we can conclude that 

\\Ks{z;ib)\\ < ClSiz^e'^ 
In the same way we prove the estimate for ||i^r4(z; ib)\\. 

Norm of Ki{z;ib) and K^{z;ib) 

Here below when we write || ■ \\hs for |a; — > 1 it is understood that part of the 
Hilbert-Schmidt, which corresponds to the integration over with the restriction 
|x — x'l > 1. For the integral kernel of Ri{z; ib) and d^^y Ri{z; ib) we then use the upper 
bounds of Lemma lA.ll 

The first term in the commutator [H^, Ji{ib)] gives 

\pl, Ji{ib)]Ri{z;ib)Ji{ib) = -2d^Ji{tb)d^Ri{z;tb)Ji{tb) - dlJi{ib)Ri{z;ib)Ji{ib) 

(A.13) 
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In the I > 1 we estimate the "restricted" Hilbert-Schmidt norms term by 

term. 

\\dMib)dMz; zb)J,{tb)\\ls = 

|j:(x + z6)J,(i/)n9,Gi(x,x';;2)nj-(a:' + ^&)^c(z/')l'dxdx' 

As before due to the properties of the Green function for |x — x'| > 1 the integration 
can be separated it two parts. One can easily check that the integral with respect to 
y, y' gives the factor 

The second part is bounded above by 

jSizY" [ \J'_{x + ib)\^ fix, xo)dx 
Jr 

where 

/(x,Xo) := 



1 



dx' 



I _|_ Q-ij{x'~xo) 

Here we have used the fact that for F sufficiently small (see fl3.2|) l 



\L{x' + ib)\^ = (^1 + e-^^(^'-^«) + 2cos(276)e- 



■2j{x'-xo) 



-1 



< 



I _)_ g-47(a;'-xo) 

In the similar way we find out that 



(A. 14) 



(A.15) 



so that it suffices to look for an upper bound on the functional 

fX2 — S 



-4:-y\x—X2\ 



f{x,Xo)dx 



-4'y\x—X2\ 



f{x,Xo) dx 



+ I e 

I1+I2 + h 



4'y\x—X2\ 



X2+S 

f{x,Xo)dx+ I e 

X2-S 



-4:'y\x—X2\ 



f{x,Xo) dx 



(A.16) 



where S = SqF^^^^^'^^ such that {x2 + 5) < xq- As f{x, xq) is by definition strictly positive 
and bounded, the first two integrals on the r.h.s. of ()A.16|1 can be easily estimated as 
follows 



h + h < e 



-275 



^2y{x-X2)^^^ / e-2^("-"^Mx 

Jx2+S 



< 7 ^\l-e 



-27<5 
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In order to control we have to look at the function /(x, Xq) in more detail. First we 
note that 



dt 



1 + 



(A.17) 



/^From ICtRI p. 1064] (see also ()A.36|l ) we then get the bound on /(x, xq) in the form 




ui{x — xq) I 

e 2 D_i{\/2uj (xo — x)) 



(2c^(x-:i;0)+47)^ ^ /' 2c<J (x — Xn ) + 47 



2u; 

where denotes the parabolic cylinder function. Using its asymptotic expansion 

ITTrI p. 1065] 

D^i{z) = e''/\l + 0{z-^)), z^-oo 
it is not difficult to verify that 



/(x,Xo) < Ce 



F ^ 



uniformly for any x G [x2 — S, X2 + S]. Now we employ the mean value theorem of the 
integral calculus which tells us that there exists some x G [x2 — S, X2 + S] for which 

/3 = fix) r^\-'^\^--\ dx = ^{l- e-'-'') fix) 

Jx2-5 ^7 



Let us remark that the second term of the commutator ()A.13|) can be bounded in the 
same way, since 

|J!(x + z6)p < CF-^e-^^l^-^^l, F^O (A. 18) 

Moreover, due to the decoupling with respect to axis, the above procedure can be 
applied also to the second term in the commutator [Hi, Ji(i6)], namely 

[2Byp„Jiiib)]Riiz;ib)Jiiib) = -2Byd^Ji{ih)R^iz-ih)J^{ih) 

This allows us to find some ci(V, 5) > such that the following holds true for |x— x'| > 1: 



[(p, + JSh)]Riiz;ih)J^{ih) < CI3iz)--F-^e-'^^^^^ 

HS 



(A.19) 
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where the constant Ci{B) is proportional to B (since the factor u is hnear in B). 
When |x — x'l < 1 we use ()A.11|) . As in the I > 1 all the term in the com- 

mutator [Hl, Ji{ib)] involving x— derivatives are treated in the same way. For example 
for dxJi{ib)dxRi{z; ib)Ji{ib) we have 

sup/ dy' dx'\J'_{x + ib)Jciy)\\dxGi{x,:>c;z)\\J^{x' + ib)Jciy')\ 

X Jr Jx':\x-x'\<l 



x' -.{x—x'Ik 

< sup sup \J'_{x + ib)J^{x' + ib)\ / dy' / da;'|(9^.G'i(x, x'; 2;) 

X x':|a:-a;'|<l jR J x' ■.\x-x'\<l 

< C^^z)-" sup \Ji{x + ib)L{x' + ib)\ 

x' ,x:\x—x'\<l 

and similarly for x and x' interchanged. Now, using ()A.14jl and ()A.15jl . we get 



(A.20) 



— 4'y I X — X 2 1 

sup I J' (x + ib)L{x' + ib)\< CF-^ sup — r < CF-^e~^^~'^'~'^ 

x',x:\x-x'\<l ~^ ^ ^ / 1 + e-47(x— 0) - 



This with fr09|l leads to 

[{Px + By)^M^b)]R^{z■^b)M^b)f <C P{z)-'^F^' e-^'^^^^^^^^^ 
for C2(5) > 0. 

To control the operator norm of the last term in the commutator [H^, Ji{ib)], namely 

\pl,Mtb)]R,{z;tb)Mtb) 

we use again the inequality ()A.8j) . When \x — x'\ > 1, since both f{x,xo) and f{x,X2) 
are bounded as well as J-{x + ib), J_{x + ib), it suffices to estimate these parts in ()A.8j) 
which correspond to the integration w.r.t. y,y': 



sup 

y 



J'M\ / e~^^^^\y-y\Uy')\dy'<snp\J'M\ 
Jr y 



yo 



yo 



-m\y-y'\ (^y' 



(A.21) 



On the other hand, 



sup\liy')\ / e-^^'^\y-y\j'M\ < l|Jc||oo sup 
y' y'<^[-yo,yo] Jyo+F- 

< II 7 II p-mF--" 



yo+F-^+i 



-m\y-y'\ 



dy 
(A.22) 



and similarly for the terms with J'^iy)- When |a; — x'| < 1 we proceed in a similar way 
as for the case i = 3 and we get the desired result. 
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Thus we can conclude that 

\\\plJ,mRi{z-,^^)Jim\<Cm-''F-^e-^ (A.23) 

Finally, 

\\Ki{z-ib)\\ <CF-^(3{zy (^e~^ + e~^^^ 
The upper bound on the term ||ii'5(z; ib)\\ is found in the same way. 

Norm of K2{z;ib) 

The operator K2{z;ib) includes the resolvent R2{z;ib), which can be evaluated with 
respect to Ri{z; ib) 

R2{z- lb) = R^{z- lb) - Ri{z- ib)[F{x + ib){x\ + h'p{ib)xA) + V{ib)]R2{z- ib) (A.24) 

Obviously, the first term coming from ()A.24|) is to be treated in the same way as above. 
The second term Ri{z] ib)[- ■ ■ ]R2{z] ib) is estimated using 

\\[HL,J2{ib)]R^{z-ib)[--]R2{z-ib)J2{ih)\\ < \\[HL,J2{ib)]Ri{z-,ib)[--]\\\\R2{z-ib)\\\\J2{tb)\\ 

Now, ||J2(^6)|| is bounded and for ||i?2(2^; ^&)|| we use the result of Lemma ^iTA It then 
remains to estimate 

\\[Hl, J2{ib)]Ri{z\ ih)[F{x + ib){x\ + h''p{ib)xA) + V{ib)]\\ (A.25) 

Before we give the estimation of the different contribution to ()A.25|) . we remind that 

\J'^{x + ib)\ < CF"^ {e-^'^l^-^'^l +e-2^l^'+^'^l} (A.26) 
\J'^{x + ib)\ < CF-2{e-2^l"-"il+e-2^l"+"il}, (A.27) 

where we have used the similar bounds as in ()A.15|1 . In the estimations we will separate 
the two contributions coming from J+ and J_. 

Let us now look at the contribution to ()A.25j) which includes the potential V{ib). 
We again begin with the Hilbert-Schmidt norm (case \x — x'\ > 1) of the terms in the 
commutator involving the x— derivatives. After separation of variables we can write 
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(n = l,2) 

\\d:J+{x + ^6) Je(y)5r"^i?i(^; ih)V{ih) II 



I 



Jr 



g{x,ao) + ^ — ■ — e 



so 

dx (A.28) 



where we have defined 

g(x,ao) := [ e-"("-"')' dx' 

Now we can apply the same argument as in ()A.16|) and repeat it for ||9"J_(x + 
ib)Jc{y)dx^~^^ Ri{z;ib)V{ib)\\'jjg to arrive at 

For |x — x'l < 1 we proceed hke in ()A.2njl evaluating separately the contributions coming 
from J+ and J_. For example, for dl^: J+{x + ib) Jc{y)d!;^~^'' Ri{z; ib)V{ib) we get an upper 
bound of the form 

sup sup \d2J'4x)V{x' + tb,y')\ [ dy' [ dx'|92-"G'i(x, x'; z)| 

X x':\x-x'\<l,y' JR J x':\x-x'\<l 

< Cpiz)-" sup \dp'4x)V{x' + ib,y')\<Cpizy''F-^e'^^''^'''^ (A.30) 

x,x':\x—x'\<l,y' 

The last term in the commutator ()A.25|) which includes V{ib) is the following 

[plJ2{tb)]Ri{z;ib)V{ib) 

For |x — x'l > 1, since both 

Jo{x + ib) [ e-"(^-^-')' dx', [ e^"(^-^-')'jo(x' + i6)dx' 
Jr Jr 

are bounded as functions of x, we apply again ()A.8|1 to find out that 

snp\J'M\Vo r e-'^^^)!^-^'! dy' < || J^IUK) 2ai sup sup g-^^^)!^"^'! 

y J -ax yCsupp j,'6[-ai,ai] 

< ||J^|U2aiVoe-'^(^)^"^ (A.31) 
and similarly the other way around 

suv\V{x' + ib,y')\ / e-^^-^^\y-y'\\J'M\^y < K)|| J^IU e'^^^^^"^ 

y' Jyo+F--^ 
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For |x — x'l < 1 we proceed as for i = 3. Summing all the above given inequalities we 
obtain 

\\[HL,J2{ib)]Ri{z;ib)V{ib)\\ < C f3{z)-''F-^ (^e'^ + e~^^^ (A.32) 

Remark A. 2. Note that the hypothesis on the Gaussian-like decay of V w.r.t. x is 
necessary in order to obtain ()A.32|) as one can see from ()A.29|) and ()A.30|) . 

Next we analyse those terms of ()A.25j) . which include the potential F{x-\-ib)hp{ib)xA- 
We start again with the case |x — x'| > 1 looking at the Hilbert-Schmidt norm of 

[(p, + Byf, J2{ib)]Ri{z; ib)F{x + ib)h'p{ib)xA (A.33) 

Note that since we have the same upper bounds on J'^{x + ifo), J'^{x + ib) and also on 
Ri{z;ib), dxRi{z;ib), all terms in ()A.33|) can be estimated in the same way. As for the 
previous term we separate the contributions of J±, moreover hp = 1 — hp = + h_ 
with h±{x) = I [1 =F tanh(7i?(a; ±x))], and thus we separate also the contributions of 
h+ and We are left with four terms, each of them is estimated as follows {n = 1,2): 

\\d^J+{x + ib)Jc{y)df-''^Ri{z- ib)F{x + ib)h^(ib)xA\\]is 

< C iSizy F-^ [ \d^J+{x + ib)\^dx [ e-"("^"')' |F(a;' + z6)/i_(x' + i6)|2da;' 

<C(3{zy''F-^ I e-^^l"-"^ldx / e-"("-^-*)> + X + z6p — (A.34) 
Jr Jm. 1 + e 1' 

recalling that the integration w.r.t. y, y' gives again the factor of order To evaluate 

the integral with respect to t we write 

e-"("-^-*)'|t + x + z6P (A.35) 

/O foo 
g-^(x-x-t)-+4y(2t2 + 2x^ + 6^) dt + / e-"("~^-*)'(2t2 + + 6') dt 
oo Jo 

and use the following general result which can be found in )GR[ p. 1064], 

/■oo 

/ t^'-\-'"'-''' dt={2b)-^'^T{ii)eMc^/^b)D^^{c/V2b) (A.36) 

Here D_^(-) is the parabolic cylinder function of order Its asymptotic behaviour is 
given by [HEl p. 1065] 

D,{z) ^ e-^/V(l-0(^-^)), ^^oo 
Dp{z) ~ e^'/S-f-i(l + C(z-2)), z^-oo 
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The asymptotic behaviour allows us to apply once more the argument used in ()A.16|) . 
We can thus claim that 

II [{p, + By)\ J2mR,{z; th)F{x + < C f3{z)-'' F'^ ^-cF-a-) 

Also for the case |x — x'| < 1 all the terms are treated analogously. For example for 

d!^ J+{ib) Jcdl~^ Ri{z; ib)F{x + ib)h_{ib)xA we have 

sup / dy' I dx'\d^J+{x + ib)J,{y)\\dl-^Gi{^,^-z)\F\x' + ib\\h.{x' + ib)xA{y')\ 

X Jr J\x-x'\<1 

< sup sup \d2J+ix + ib)h_{x' + ib)\^^'^ X (A.38) 

X x':\x-x'\<l 

X [ dy' [ dx'\dl-''Gi{^,^']z)\\d2J4x)\^/^F\x' + tb\ <C(3{z)-''F'^e-^^^'^'~'^ 

Jr J\x-x'\<1 

where we used the fact that < |x| + 1 and |9" J+(x)|^/^|x| < CF^^^^^\ 
We are now left with the last term in the commutator: 

[pI, J2{ib)]Ri{z;ib)F{x + ib)h'p{ib)xA = -2Joix + ib)f,{y)dyRi{z;ib) x 
xF{x + ib)h'p{ib)xA - Mx + ib)J"{y)Ri{z; ib)F{x + ib)h'p{ib)xA (A.39) 

When |x — x'l > 1 the Hilbert-Schmidt norm of these terms can estimated separately 
for h±. We do that for /;,_, for the term coming from hj^ a similar argument holds. 
For /i_ the Hilbert-Schmidt norm is bounded above by a constant times l3{z)~''^F~'^ 
(coming from the integration w.r.t. y and y') times 

dx' 



dx| Jo(x + ib)\ 
< I dx\Joix + ib)]"^ 



2 / g-<^(x-x')2|^/|2 



-uj(x~x—t) 



I _)_ g-47(a;'-x) 



(2r + 2x 



(A.40) 



1 + e-47t 

The last integral can be again evaluated through ()A.36|) and ()A.37|) and estimated up 
to a constant from above by 

^_c^-CF-a-)^ (A.41) 

To control the first term in ()A.40jl . which is proportional to t^, we proceed in the same 
way as in ()A.17|) to write 



-u!{x—x—t)'^ £2. 



dt 



+ e" 



(2a)(j:-^) + 47)^ 



1 + e-4y 
2uj{x — x) + A'-f 



e * 2 ' D^3{\/2uj {x — x)) 



(A.42) 
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(A.43) 



We will split ()A.40|) in three parts: 

{-oo,xi + 6], [xi + 6,x], [x, oo) 
where 5 = 5o and (xi + 5) < x. For the first part we get 

dxe-^^(^-^'i) e-'^(^-^')'/2D_3(v^(x - x)) 

POO 

Jo 

since e~'*'^*~'^*^/^D_3(— -\/2cJt) is clearly Li([0, oo)), see ()A.37|) . The second part can be 
estimated as follows 

dxe-^^(^-^'^) e-'^(^-^)'/2D_3(v^(x - x)) dx 
e-^(^-^f/^D^s{V2^{x - x)) dx 



(A.44) 



xi+5 



< e-^^\x ~ xi - 5) sup D_3(v^(x -x)) < CF-(^-^)e-^^^ F-^((A.45) 
Finally, the third part is bounded above by 

e-^(^-^)'/2^_3(y2^(x - x)) dx < e-^^'/2 f d_^{V2^{x - x)) dx 



+e 



xi+5 



D_3(v2ti;(x — x)) dx 



(A.46) 



where we have employed the asymptotic expansion ()A.37|) . 

The estimate of the second part of ()A.42|1 . which contains the function 

^ I 2uj{x — x) + A'-f' 



2uj 



(A.47) 



is a bit more subtle. After dividing the integration again in three parts according to 
()A.43jl and substituting 

2uj{x — x) + 47 



t :-- 



2uj 



(A.48) 



one gets 



2 f2uj{x - x) + 47 



^ 2v/27 ^ 47^ 
4 ^^7 



L'_3(t)V2cu dt 



(A.49) 
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provided 

uj{x - xi) > 7 (A.50) 

this can be seen taking the maximum of the exponential function in the integral and 
the fact that D_3{t) G Li([0,oo)). 

For X G (— oo, Xi + 5] we have similarly 



xi+5 



2 (2ui(x-x)+4-i)^ 



8^ D_ 



2uj{x — x) + 47 



< 



2aJ (a; ]^ +5 — +47 



exp 



f ^ 2v/27 ^ 47^ 
4 \/uj ijj 



D^3{t)V2ujdt (A.51) 



Since 



exp 



2^27 



D-aW e Li((-oo,i 



(A.52) 



4 

it suffices to estimate the integral for positive values of t. In this case we use the fact 



that 

for any ^ < 1. Then 



exp 



t\l + , 2v/27, 47^ 
+ , — t 

UJ UJ 



(A.53) 



whenever 



l>e> 



472 - uj\xi + 6-xf _ 472 - uj\Ci + 60- cy 



We are thus left with 



472 + Cj2(xi + 5 - X)2 47o2 + Cu2(Ci +60- Cy 



2 (2L;(a:-a:)+47)^ / 2u;(x — x) + 47 



2cu 



47 



exp 



^ 2v/27 ^ 472 
4 u 



D_3{t)V2ujdt (A.54) 



Due to ()A.52|1 it is enough to show that 

I 



47 



exp 



t2 ^ 2x/27 ^ 472 
4 ^^7 a; 



D_3(t) V2^dt < C (A.55) 



This is however easily seen since 



t2 2v^7 472 

+ — <0, VtG 

2 Wui 00 



0, 



47 



(A.56) 
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and 

sup e*'/^D_3(t) < sup e*'/^D_3(t) < C 

te[o,^] te[o,oo) 

To conclude we remark that the second term of ()A.40|) . which leads to 

dt 



^-u{x-x-tY -2 



1 + e-47« 
2uj{x — a;) + 47 



e 2 D^i{V2iu {x - x)) 

(A.57) 



can be control in the same way, because the asymptotic behaviour (jA.37|l is again 
governed by exp[±t^/4]. 

Finally, for the case |a; — a;'| < 1 we follows the same method as in ()A.38|) where the decay 
come from the "infinitesimally small" overlap of hp with Jq the latter also "localise" 
\x'\, i.e. \Jo{x + ib)\^^'^\{x' + ib)\ < CF^^^~^\ Summing up all the contributions we have 



\\[Hl, J2iib)]Riiz;ib)F{x + tb)h'p{ib)xA\\ < C I3{z)-'' F'^ e ^^(^ 



(A.58) 



Let us next analyse the last term of ()A.25|1 . which includes the potential F{x + ib)x'x- 
When |x — x'l > 1, for the terms in the commutator involving the x— derivatives, the 
integration w.r.t. x and x' in the Hilbert-Schmidt norm gives a constant proportional 
to F"^'^^"^^ We then obtain the estimate on the Hilbert-Schmidt norm 

lis: J2(^&)9r")i?i(^; ib)F{x + ib)x\\\ls 

/yi r 
dy / e-^^^'^\^-^'\ dy' 

■yi J\y'\>yi+P~^ 

/OO 
e-Pi^)\y-y'\dy' 
-00 

KCfi^zyF-^ (A.59) 

When \x — x'\ < 1 the x— derivative "localises" the term \x' + ib\ and the decay comes 
from the decay of the Green function along y as for the case i = 3. 
For the term of the commutator which corresponds to 

'9"J2(^fe)'9f-")i?i(z; ib)F{x + ib)x% \x - x'l > 1, n = 1, 2 
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we recall ()A.8|) to find out that 

sup [ |Jo(x + z6)a;j,(i/)9(2-")Gi(x,x';^)F(x' + ^6)x^(l/')|dx' 
<T^/^W sup / e-^(^)l^-^'l dy' 

F " yesnppd^Jc J\y'\>yi+F~^ 

<Cf5{zY^F'^ (A.60) 

and similarly the other way around. Finally at short distances the same argument as in 
the previous case holds. Therefore 

\\[HL,J2{^)]Ri{z-ih)F{x + ih)x\\\ <Cp{z)-''F-^e-— (A.61) 

Taking into account all the estimates ()A.32|1 . ()A.58j) . ()A.61jl made above, we can 
claim that for F small enough 

\\K2{z]ih)\\ <CF-^ f5{z)-''^'^ [e-^ +e~^^^{l + \\R2{z;ih)\\) (A.62) 

Inequality ()A.62|) plays an essential role in our estimates, because it tells us how 
close we can get to the spectrum of H2{F,ib) = H2{F) and Hi{F,ib) while keeping the 
resolvent of H{F, ib) bounded. 
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